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Lately, much interest has been directed towards designing setups that achieve decisive tests of local
realism. Here we present Bell tests with measurements based on linear optical displacements and
single-photon detection. The scheme displays good tolerance to loss. In particular, for entangled
squeezed states, we find thresholds compatible with current efficiencies of detectors and sources.
Furthermore, the scheme is easily extendible to any number of observers, allowing observation of
multipartite nonlocality for a single photon shared among multiple modes. We also consider the
case of atom-photon entanglement, where the loss threshold can be lowered further, as well as local
filters compensating transmission and coupling inefficiencies at the source.
Introduction.—Experiments performed by space-like
separated, independent observers may display correla-
tions that do not comply with assumptions of local re-
alism, i.e. that physical quantities have well established
values prior to measurement and that signal propaga-
tion is restricted by the speed of light in accordance with
special relativity. Such assumptions lead to restrictions,
usually expressed as Bell inequalities [1], which can be
surpassed within quantum theory. Correlations which vi-
olate a Bell inequality are referred to as nonlocal. From
an applied point of view, nonlocality represents a phys-
ical resource, which enables protocols such as device-
independent quantum key distribution [2] and random
number generation [3]. These protocols rely on the vio-
lation of a Bell inequality to ensure secrecy and random-
ness, without further assumptions about their physical
implementation.
In spite of steady theoretical and experimental
progress, nonlocality has yet to be demonstrated in a
loophole-free manner. All experiments to date suffer
from either the locality loophole, meaning that the as-
sumption of space-like separation of the observers is not
fulfilled [4], or the detection loophole, which is opened
when the efficiency of the detectors employed in the Bell
test is insufficient [5]. Both loopholes admit local-hidden-
variable explanations of the observed data and compro-
mise the security of cryptographic protocols. Closing the
loopholes is important both from a fundamental and a
technological perspective. To close the locality loophole,
it is advantageous to work with optical systems since
light can be distributed with relative ease among spa-
tially separated parties and since optical detectors are
fast. Various approaches have been considered towards
closing the detection loophole in optical Bell tests. Two
fundamental types of entangled states which may be used
are polarisation-entangled states of fixed photon number,
or states relying on superposition of one or few photons
with the vacuum. Both approaches are hampered by the
low efficiency of most available single-photon detectors
[6] (although high-efficiency superconducting transition-
edge sensors are becoming more widespread). The former
case has the advantage that projective measurements in
any basis can be performed with linear optics. However,
generating entangled states of more than two modes ef-
ficiently is highly challenging. For the case of photon-
number superpositions, entanglement generation can be
achieved with relatively large efficiency since, in the sim-
plest cases, it suffices to produce a two-mode squeezed
state, or to split a single photon using beam splitters.
The disadvantage is that perfect projective measure-
ments are not available in all bases, using linear optics
and photon counting, since passive linear optics cannot
change the energy of a state.
Here we demonstrate that using the simple,
displacement-based measurements of Ref. [7], it is
possible to attain good efficiency thresholds which
in some cases exactly coincide with the thresholds
for perfect measurements in arbitrary bases. In an
all-optical implementation, our scheme works for a
two-mode squeezed state and admits a combined
efficiency threshold for coupling, transmission, and
detection of 66.7%. The scheme can be extended to
detect multipartite nonlocality for N parties by applying
it to a single photon split between multiple modes,
i.e. a single-photon W-state [8], possibly entangled
with an atom. The W-state is known to be extremely
robust against losses [9], and we demonstrate efficiency
thresholds of ∼ 68% for the purely optical state in
the limit of high N and of 50% for the atom-photon
case independent of N . For bipartite atom-photon
entanglement, the threshold can be lowered to 43.7%
using additional measurement settings. Furthermore, we
suggest to compensate transmission and coupling losses
at the source by local filtering. Surprisingly, the use of
filters allows Bell inequality violations for arbitrarily low
atom-photon coupling efficiency.
Setup and measurements.—Throughout most of the
paper, we will consider a bipartite scenario with each
party k having a choice of m dichotomic measurements
A
(k)
0 , A
(k)
1 , as illustrated in Fig. 1(a). For m = 2, the
only relevant Bell inequality is the CHSH inequality [10]
〈A(1)0 A(2)0 〉+〈A(1)0 A(2)1 〉+〈A(1)1 A(2)0 〉−〈A(1)1 A(2)1 〉 ≤ 2. (1)
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2In the case of m ≥ 3, we consider the Imm22 family of
inequalities [11].
As shown in Fig. 1(a), a source produces an entangled
state, which is distributed to the parties through lossy
channels, e.g. optical fibres, of transmittivity ηt. Each
party performs a measurement of the type suggested in
Ref. [7], namely a displacement followed by single-photon
detection. Physically, the displacements are implemented
by mixing the signal with a coherent state from a local
oscillator on a beam splitter with very high transmission,
as shown in Fig. 1(b). We take the single-photon detec-
tors to have an efficiency ηd, and they do not need to be
number resolving. Different measurement settings corre-
spond to different choices for the displacement, i.e. dif-
ferent phase and intensity of the local oscillator. A lossy
detector can be modeled as a perfect detector preceded
by loss acting on the input signal. This loss can be com-
muted through the displacement, since any loss from the
local oscillator can be compensated by increasing the am-
plitude and is thus irrelevant. Hence, as the detector
loss is the same for all settings, it is equivalent to trans-
mission loss and we can account for it by modifying the
state, leaving the detection ideal. For a measurement
by a perfect single-photon detector preceded by a dis-
placement D(α), the no-click outcome corresponds to the
projector P0 = D(α)|0〉〈0|D†(α) = |α〉〈α|, where |α〉 de-
notes a coherent state. Assigning +1/−1 to the no-click
and click events respectively, the measurement operator
is then given by M(α) = P0 − (1 − P0) = 2|α〉〈α| − 1,
with matrix elements in the Fock basis
Mnn′(α) = 2e
−|α|2 α
n′(α∗)n√
n!n′!
− δnn′ . (2)
Bipartite states and thresholds.—We first apply our
scheme to a two-mode squeezed vacuum state. This is
perhaps the simplest entangled state of light to produce,
and in the Fock basis it takes the form√
1− λ2
∑
n
λneiφn|n, n〉, (3)
where λ sets the magnitude and φ the direction of
squeezing. The state (3) can be produced e.g. by non-
degenerate parametric down conversion in a nonlinear
crystal, or by mixing two single-mode squeezed states on
a balanced beam splitter. When subjected to loss, the
state becomes [12]
ρsq(η) = (1−λ2)
∑
n,n′
(λ η)n+n
′
eiφ(n
′−n)
minn,n′∑
k,k′
(
1−η
η
)k+k′
×
√(
n
k
)(
n
k′
)(
n′
k
)(
n′
k′
)
|n−k, n−k′〉〈n′−k, n′−k′|. (4)
As mentioned above, detector efficiency can be included
in the transmission efficiency in our scheme. The same
FIG. 1. (Colour online) (a) A source with coupling efficiency
ηc distributes an entangled state to two parties through lossy
channels of transmissivity ηt. Each party chooses between
two measurements with binary outcomes. (b) Measurements
consists in a variable displacement, followed by single-photon
detection by bucket detectors of efficiency ηd. The displace-
ment controls the measurement setting. (c) Atom-photon en-
tanglement. We consider an atom with a λ-type level scheme.
The atom is initially prepared in one of two stable ground
states |g〉. An entangled state between atom and light is then
generated by partly exciting the atom allowing decay into |s〉
accompanied by emission of a photon. The photon is coupled
out of the cavity and distributed to the remaining party.
is true for coupling efficiency ηc at the source. Thus
we can account for all losses by taking η = ηcηtηd.
Using (4) and (2), we can compute all the correlators
〈A(1)s1 A(2)s2 〉 = Tr [M(αs1)⊗M(αs2)ρsq(η)] appearing in
(1). By numerical maximisation over the settings, we
find that CHSH can be violated above the threshold
η˜ = 66.7%. Surprisingly, this coincides exactly with the
lowest possible threshold attainable for any state and any
measurements in the CHSH scenario, when the losses for
both parties and measurement settings are equal [13].
Thus no state preparation and no measurements, no mat-
ter how complicated, can achieve a better loss tolerance
than our simple setup. The threshold can be reached tak-
ing the same settings for both parties, with the α’s real,
and φ = pi. The required squeezing and displacements
are small, vanishing at the threshold. For e.g. η = 67%
we need a squeezing of ∼ 0.1dB and average photon num-
bers |α0|2 ∼ 10−2 and |α1|2 ∼ 10−6. We have checked
that the scheme is robust against fluctuations in the α’s,
with a 10% deviation from the optimal values leading to
a 1% increase of η˜. We remark that we have also al-
lowed for additional measurement settings by testing the
Imm22 family of inequalities with m settings per party
[11]. However, we obtained no further improvement of η˜
for m ≤ 5.
Note that ours is not the first scheme to reach the op-
timal threshold of 66.7%. The threshold can be reached
with polarisation-entangled states and polarisation mea-
surements, as shown by Eberhard [14]. The states in the
3Eberhard scheme can be implemented using a squeezing
source similar to ours, with some additional manipula-
tion to control the degree of polarisation entanglement,
see e.g. [15]. However, the present scheme demonstrates
that the optimal threshold can be reached also in the ab-
sence of Pauli-type measurements and provides a simple
alternative setup. Our threshold represents a significant
improvement over the recent schemes of Refs. [16, 17]. In
particular, in [16] transmission and detector efficiencies
are not equivalent. Even assuming perfect homodyne de-
tection, and perfect coupling and transmission, the criti-
cal single-photon detector efficiency is 71.1%. For a finite
coupling and transmission efficiency ηcηt = 90%, still as-
suming perfect homodyning, the threshold in the current
scheme is lower by 15%. Two-mode squeezed states have
been generated with efficiency 85% [18, 19] and recent ex-
periments suggest that efficiencies exceeding 90% may be
possible [20, 21]. With transmission losses of a few per-
cent the required detector efficiency is then on the order
of 75%. This number is reachable by commercial detec-
tors, and is well below the efficiency of superconducting
transition-edge sensors. Hence, an implementation of our
setup seems within reach of current technology.
Next, we consider replacing one of the parties by an
atom in a cavity on which projective measurements in
any basis can be performed with very high accuracy [4].
Such a setup has been studied in Refs. [17, 22] and is
shown in Fig. 1(c). Taking into account a finite coupling
efficiency for the emitted photon into the desired mode,
and finite transmission and single-photon detection effi-
ciencies, the generated joint state of atom and light is of
the form ρat(ηcηtηd), with
ρat(η) =[cos(θ)|g〉|0〉+√η sin(θ)|s〉|1〉]⊗ h.c
+ (1− η)|s〉|vac〉 ⊗ h.c., (5)
where the coefficient cos(θ) is determined by the strength
of the initial excitation pulse and h.c. denotes hermi-
tian conjugate. For the optical mode, the protocol pro-
ceeds exactly as before, with measurements of the type
in Fig. 1(b). For the atomic party we allow projective
measurements along any arbitrary direction on the Bloch
sphere, and we take the detection efficiency to be unity.
For the CHSH inequality, the best possible threshold in
this case is η˜ = 50% [13]. Remarkably, it is possible to
reach this bound exactly using displacement-based mea-
surements. However, we can improve further by allowing
a third measurement setting A
(k)
2 for both parties. We
have tested the I3322 inequality [11], which applies to this
scenario, and we find η˜ = 43.7%. An additional measure-
ment setting does not complicate the experiment. Thus,
with a trapped atom, this is the most attractive setup to
implement. We remark that again the threshold obtained
with the displacement scheme is very close to the bound
obtained with perfect Pauli measurements, which is 43%
[23]. Adding more settings and testing Imm22 does not
appear to improve the threshold.
Multiple parties and filtering.—We now consider two
possible modifications of our scheme. Extension to a mul-
tipartite nonlocality test, and local filtering to improve
the tolerance to losses.
For a scenario with N parties, each having a choice of
two dichotomic measurements, there are 22
N
tight, linear,
full-correlator Bell inequalities, all of which can be com-
pactly expressed in the single, nonlinear Werner-Wolf-
Weinfurter-Zukowski-Brukner (W3ZB) inequality [24]∑
r
∣∣∣ξ˜(r)∣∣∣ ≤ 1, (6)
where ξ˜(r) = 2−N
∑
s(−1)r·sξ(s), with r and s being vec-
tors in {0, 1}N and ξ(s) = ξ(s1, . . . , sN ) = 〈A(1)s1 · · ·A(N)sN 〉
the corresponding full correlator. We have tested this
inequality using the measurements of Fig. 1(b). A sim-
ple way to create an entangled state of N parties is by
splitting a single photon between N modes using suitable
adjusted beam splitters. A single photon can be gener-
ated by conditioning on the detection of a photon at one
output of a two-mode squeezing source. The result is a
W-state
|WN 〉 = 1√
N
(|1, 0, . . . , 0〉+ . . .+ |0, 0, . . . , 1〉) . (7)
When undergoing loss in each mode, this state is trans-
formed into ρWN (η) = η|WN 〉〈WN | + (1 − η)|vac〉〈vac|,
where |vac〉 denotes a state with no photons. For perfect
Pauli measurements, ρWN (η) violates (6) for any number
of parties, and the critical η required for violation im-
proves with N as η˜ = 2/(3−N−1), giving an asymptotic
threshold η˜ → 66.7% for N → ∞. For qubits encoded
into zero- and single-photon Fock states, perfect projec-
tions generally are not available. However, good toler-
ance to losses can be obtained with displacement-based
measurements.
Using (2), for the simplest case where all parties use
the same settings, we analytically compute the full cor-
relator ξ(s) in the state ρWN (η). We then numerically
obtain the critical efficiency η˜ for violation of W3ZB. We
have verified for N ≤ 10, that allowing different settings
for each party does not improve η˜. We find that the
qualitative behaviour of η˜ is similar to the ideal case of
perfect Pauli measurements. For small N it decreases
rapidly, then approaches an asymptotic value. Unfor-
tunately, we have not been able to obtain an analytical
expression for the threshold, however, we have fitted a
function of the form a/(b−N−1) to our data. The crit-
ical efficiency is well described by this with a = 1.841
and b = 2.696, which leads to an asymptotic value of
η˜ → 68.3%. The rapid decrease for small N is nice from
an experimental perspective, since it means that investi-
gation of multipartite nonlocality becomes possible with
relatively few measurement stations. E.g., for N = 5 we
4already have η˜ = 73.9%. When one party is replaced by
an atom in a cavity, as considered above, the threshold
becomes independent of N . We find η˜ = 50% for any
number of parties, which coincides with the bound for
perfect Pauli projectors. The present scheme again rep-
resent a significant improvement over previous proposals.
In Ref. [17], the required detection efficiency necessary to
violate W3ZB with an optical W-state is ∼ 85%. In pro-
posals based on GHZ states [25, 26], loss and detection-
efficiency thresholds can compete with the ones obtained
here. However, GHZ states are significantly more chal-
lenging to generate experimentally than W-states and
can so far be produced only with small efficiencies, far
from the required thresholds for loophole free Bell tests.
The second extension of our scheme aims to eliminate
transmission and source-coupling losses by the use of lo-
cal filtering. A similar idea was the basis for Ref. [27],
where it was used to improve Bell inequality violation as
the basis for quantum key distribution. We apply this
idea to the case of atom-photon entanglement and to the
multipartite W-state. Since the effect of loss is to de-
crease the single-photon component of the state, we let
each party apply the probabilistic single-photon ampli-
fier, proposed by Ralph and Lund [28] (an implemen-
tation with corresponding Kraus representation is llus-
trated in the Appendix). Since the amplification is prob-
abilistic, it may sometimes fail. The parties only proceed
with the protocol upon successful filtering. That is, they
only proceed to choose the measurement basis after the
filter has succeeded. Thus the filter can be seen as part of
the state preparation. We can model the filter, acting on
each mode of the state received by the parties, as a quan-
tum channel. Taking the limit t→ 0 and renormalising,
we find that a successful application of the filter by every
party takes ρWN (ηcηtηd) → ρWN (η′cηd). That is, suc-
cessful filtering compensates transmission and coupling
loss between the source and the parties but introduces
an additional loss, corresponding to the coupling inside
the filter. Thus, as long as η′c < ηcηt, it is beneficial to
apply the filters. For example, if the same type of single-
photon generation is employed in the initial source and
the filter (e.g. parametric down-conversion), η′c = ηc and
it will be beneficial to filter as soon as there is signifi-
cant transmission loss. However, successful preselection
requires successful filtering by all parties simultaneously,
and hence for a given success probability pf , the rate
of the experiment will decrease as pNf . Longer data col-
lection times become necessary as the number of parties
increases, and detector dark counts may become prob-
lematic.
In the case of atom-photon entanglement, the filter-
ing is applied only to the photonic modes. For the bi-
partite setting, we find that by choosing an appropriate
small value of θ, for efficiencies close to the threshold
η˜ = 43.7%, it is indeed possible to replace ρat(ηcηtηd)→
ρat(η
′
cηd). This is a nice result. It says that, by applying
local filtering, it is possible to break I3322 for any value of
the atom-photon coupling efficiency, as long as the com-
bined detection and single-photon production efficiency
employed by the photonic party fulfills η′cηd > 43.7%.
For a bipartite test, a small value of the preselection
probability pf is not critical, and a probabilistic single-
photon source can be used. Efficient probabilistic single-
photon generation is likely to be much easier to achieve
in experiment than a high collection efficiency for atomic
emission. For trapped ion or atoms, a collection effi-
ciency of ηc = 50% is an optimistic value at current (a
fraction of spontaneous emission into the cavity mode
of 51% has been achieved [29], and a recent study pre-
dicts ηc > 30% for coupling into single-mode fibre [30]).
On the other hand, single-photon sources based on para-
metric down conversion achieving η′c ∼ 85% have been
demonstrated [18]. It thus becomes possible to perform
the Bell test with detectors of very moderate efficiencies
ηd = 0.437/η
′
c ∼ 51%. In a recent experiment, read-
out from a single trapped atom with efficiency exceed-
ing 98% was demonstrated [31]. We remark that detec-
tion efficiencies up to 99.99% have been demonstrated for
trapped ions [32].
Conclusion.—In summary, we have presented a scheme
for loophole-free violation of local realism based on sim-
ple measurements consisting of displacements followed
by single-photon detection which does not need to re-
solve the photon number. We find favourable thresh-
olds for the combined coupling, transmission, and detec-
tion losses. For a two-mode squeezed state, we reach
η˜ = 66.7%, which is the lowest possible threshold for
arbitrary states and measurements in the scenario with
two parties, two dichotomich measurements and symmet-
ric losses [13]. For atom-photon entanglement we have
shown that a threshold of η˜ = 47.3% is achievable, when
the atomic detection efficiency is high. We have extended
our scheme to arbitrary party number N . In this case we
find an asymptotic threshold of η˜ ∼ 68% for an all-optical
W-state with large N and η˜ = 50% independent of N ,
when one party is replaced by a trapped atom. Local
filtering can compensate losses at the source, and in par-
ticular we have seen that the use of local filters based on
single-photon sources allows violations for an arbitrary
small atom-photon coupling. The present scheme is im-
plementable by currently available techniques, and thus
we believe this work paves a feasible way towards experi-
mental violation of local realism closing, simultaneously,
both the detection and locality loopholes.
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Appendix.—An implementation of the filter based on
single photon amplification is shown in Fig. 2. Aug-
menting the circuit in the figure with additional vacuum
5FIG. 2. (Colour online) Single-photon amplifier as a filter.
Two auxiliary modes are used, one of which must contain a
single photon. Success is conditioned on a click in one detector
only. When the transmissivity t is small, the single-photon
component of the output is amplified, compensating preceding
losses.
modes and modeling losses by beam splitters, we can de-
rive Kraus operators [33]. We find that in the 0-1-photon
subspace, up to normalisation, the channel is described
by the four operators
K1 =
√
ηd(1− η′cηd)
2
|0〉〈1|, (8)
K2 = −
√
(1− t)η′cη2d
2
|0〉〈1|,
K3 = −
√
(1− t)η′cηd(1− ηd)
2
|0〉〈1|,
K4 = −
√
(1− t)η′cηd
2
|0〉〈0|+
√
tη′cη2d
2
|1〉〈1|.
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